Several matrices can be associated to a graph, such as the adjacency matrix or the Laplacian matrix. The spectrum of these matrices gives some informations about the structure of the graph and the question "Which graphs are determined by their spectrum?" is still a difficult problem in spectral graph theory. Let U 2q p be the set of graphs obtained from C p by attaching two pendant edges to each of q (q p) vertices on C p , whereas V 2q p the subset of U 2q p with odd p and its q vertices of degree 4 being nonadjacent to each other. In this paper, we show that each graph in U 2q p , p even and its q vertices of degree 4 being consecutive, is determined by its Laplacian spectrum. As well we show that if G is a graph without isolated vertices and adjacency cospectral with the graph in V p−1 p = {H}, then G ∼ = H.
Introduction
Throughout this paper, we only consider simple graph G = (V G , E G ), where V G = {v 1 , v 2 , . . . , v n } is the vertex set and E G is the edge set. We call n = |V G | the order of G and m = |E G | the size of G. We follow the notation and terminology in [2] except if otherwise stated.
The adjacency matrix A(G) of G is an n × n matrix with the (i, j)-entry equals to 1 if vertices i and j are adjacent and 0 otherwise. Let D(G) = diag(d 1 , d 2 , . . . , d n ) be the diagonal matrix of vertex degrees, where d i is the degree of v i in G for 1 i n. The Laplacian matrix of G is defined as L(G) =
D(G) − A(G), while the signless Laplacian matrix is Q(G) = D(G) + A(G).
Since A(G) and L(G) are real and symmetric, their eigenvalues are real numbers. The eigenvalues of A(G) and L(G) are called the eigenvalues and the Laplacian eigenvalues of G, respectively. We denote them, respectively, by λ 1 (G) λ 2 (G) · · · λ n (G) and µ 1 (G) µ 2 (G) · · · µ n (G) = 0. The spectrum of A(G) and L(G) are called the adjacency spectrum and the Laplacian spectrum of G, respectively. Two graphs are A-cospectral (respectively L-cospectral ) if they have the same adjacency spectrum (respectively Laplacian spectrum). A graph is said to be determined by the adjacency (respectively Laplacian) spectrum if there is no other non-isomorphic graph with the same adjacency spectrum (respectively Laplacian spectrum).
Let C n , P n , K 1,n−1 and K n be the cycle, the path, the star and the complete graph of order n, respectively. Let U 2p p be the graph obtained from C p by attaching two pendant edges to each vertex of the C p , while U 2q p is the set of graphs which are obtained from C p by attaching two pendant edges to each of
we denote byŪ Some structural properties can be deduced from their spectrum, however in general we cannot determine a graph from its adjacency or Laplacian spectrum. Dam and Haemers [10] proposed a natural problem: Which graphs are determined by their spectrum? It is a difficult problem in algebraic graph theory. Spectral characterizations of graphs (with respect to various matrices) did attract much attention in the recent years; see [9, 10] . It has been conjectured by Haemers that almost all graphs are determined by its spectrum. Truth of this conjecture would mean that the spectrum can be used to identify a graph. The paradox is that it is difficult to prove that a given graph is determined by its spectrum. Up to now, many examples of cospectral but non-isomorphic graphs are reported; see [6] . However, only few of the graphs have been proved to be determined by their spectra [10, 13, 19, 21, 22, 23] .
An odd (respectively even) sun graph is obtained by appending a pendant vertex to each vertex of an odd (respectively even) cycle. A broken sun graph is a graph obtained by deleting pendant vertices of a sun graph. In 2009, Boulet [3] proved that the sun graph is determined by its Laplacian spectrum and an odd sun graph is determined by its adjacency spectrum. Later in 2010, Mirzakhah and Kiani [18] proved that the sun graph is also determined by its signless Laplacian spectrum. Recently, Bu, Zhou, Li and Wang [5] proved that U 2p p is determined by its signless Laplacian spectrum when p = 32, 64. They also showed that U 2p p is determined by its Lapacian spectrum.
Motivated from [3, 5, 18] , in this paper we show that U 2p p (respectively a graph inŪ 2q p with even p) is determined by its Laplacian spectrum. As well we show that if G is a graph without isolated vertices and A-cospectral with the graph in V
Preliminaries
Throughout the text, we shall denote by Φ(B) = det(xI − B) the characteristic polynomial of the square matrix B. In particular, if B = A(G), we denote Φ(A(G)) by φ(G; x) and call φ(G; x) the characteristic polynomial of G; if B = L(G), we denote Φ(L(G)) by Γ(G; x) and call Γ(G; x) the Laplacian characteristic polynomial of G. Let φ(G; x) = x n + a 1 x n−1 + a 2 x n−2 + · · · + a n and SP A (G) (respectively SP L (G)) be the adjacency spectrum (respectively Laplacian spectrum) of the graph G. The line graph l(G) of a graph G has the edges of G as its vertices and two vertices of l(G) are adjacent if and only if the corresponding edges in G have a common vertex.
Some fundamental results about the adjacency spectrum and the Laplacian spectrum are the following.
Given a connected graph G, the number of closed walks of length k is denoted by S k (G).
Lemma 2.3 [7] . For a connected graph G, S 0 (G) = n, S 1 (G) = l, S 2 (G) = 2m, S 3 (G) = 6c 3 , where n, l, m, c 3 denote the number of vertices, the number of loops, the number of edges and the number of triangles contained in G, respectively. Lemma 2.4 [8] . Let G be a graph on n vertices, c 4 4-cycles and let n i be the number of vertices of degree i. Then
The following corollary is a direct consequence of Lemma 2.4.
Corollary 2.5. Let G be a graph on n vertices, m edges, c 4 4-cycles and vertex
A graph is called an elementary figure if it is either a K 2 or a cycle C q , q 3. We call U a basic figure if all of its connected components are elementary figures. Lemma 2.6 [7] . Let p(U ) be the number of connected components of U and c(U ) the number of cycles in U . Then the coefficient a i of φ(G; x) is
where U i is the set of basic figures with i vertices of G.
The following lemma is a consequence of Lemma 2.6.
Lemma 2.7 [7] . The length of the shortest odd cycle in G and the number of such cycles are given by the smallest odd index p such that a p = 0.
Lemma 2.7 ensures that a graph is bipartite if and only if its adjacency spectrum is symmetric.
Lemma 2.8 [11] . Let G be a bipartite graph with n vertices, let
Lemma 2.9 [15, 16] . Let G = (V G , E G ) be a graph with maximum degree ∆(G). Then we have
where m v i is the average of the degrees of the vertices adjacent to vertex v i .
Lemma 2.10 [20] . Let G be an n-vertex graph of size m with
The
Lemma 2.11 [4] . Let G be a unicyclic graph with n (n 6) vertices. If G is determined by its Laplacian spectrum and G ≇ C 6 , then G ∨ K r is determined by its Laplacian spectrum for any positive integer r.
It is known [1] that the number of closed walks of length k 2 in G is λ∈SP A (G) λ k . Let M be a graph and k > 1 be an integer. Then a k-covering closed walk in M is a closed walk of length k in M running through all the edges of M at least once. For a graph G, let ζ M (G) (or ζ M for short) denote the number of all distinct subgraphs (not necessarily induced) of G isomorphic to M and let ζ G (i) be the number of closed walks of length i in G. The number of k-covering closed walks in M is denoted by w k (M ) and we define the set M k = {M, w k (M ) > 0}. As a consequence (see also in [4] ), the number of closed walks of length k in G is (2)
Lemma 2.12 [17] . The number of closed walks of lengths 6, 7 for a graph G are respectively determined as follows, where m is number of edges of G and the graphs used are depicted in Figure 2 . Figure 2 . Graphs related to ζ G (6) and ζ G (7).
Laplacian Spectral Characterizations of
It is known that two L-cospectral (respectively A-cospectral) graphs have the same order and size. We know from [14] , that a graph is connected if and only if its Laplacian spectrum contains just one zero eigenvalue, whereas the number of spanning trees in a connected graph G is Proof. Since H is connected, G is connected. Then Lemma 3.1 follows from the facts: A unicyclic graph is connected and its size equals its order. The number of spanning trees of a unicyclic graph equals the length of the cycle contained in it.
The following Lemma follows directly from Lemma 2.9. Proof. We first show that G has the same degree sequence with that of H. By Lemmas 3.1 and 3.2, G is a unicyclic graph of girth p with ∆(G) 5. Let n i be the number of vertices of degree i, i = 1, 2, 3, 4, 5, of G. On the one hand, by Lemma 2.10, Solving (5), we get
If p = 3, then q 3. Note that n 4 0; hence we have 4n 5 q 3, n 5 = 0. So we get n 1 = 2q, n 2 = p − q, n 4 = q, n 3 = n 5 = 0.
If p 4, then we have
Substituting (6) into (7) yields n 5 = 0. So we get n 1 = 2q, n 2 = p−q, n 4 = q, n 3 = n 5 = 0.
Thus G and H have the same degree sequence. If there are q ′ < q vertices of degree 4 belonging to the p-cycle in G, then n 2 p − q ′ > p − q, a contradiction. Therefore, there are just q vertices of degree 4 on the cycle C p , whence G is in U ; the following result is a direct consequence of Theorem 3.3, which is one of the main results obtained by Bu et al. in [5] .
Corollary 3.4 [5] . U 
Proof. In view of (2), we have
where Figure 2 .
As an odd closed walk necessarily runs through an odd cycle, it is routine to check that if M ∈ M 7 is a subgraph of l(G) or l Ū 2q p , then M contains at most 2 triangles or M contains one and only one 7-cycle. Only the graphs C 3 and Figure 2 and the 7-cycle C 7 can arise as subgraphs of l(G) and l Ū 2q p , and the 7-cycle C 7 can arise if and only if p = 6. In view of (4), we have
For the graph l Ū 2q p with q < p − 1, we count the number of its subgraphs isomorphic to C 3 (respectively G a , G b , G c , G e , G g , G h ) as follows.
ζ C 3 = 4q, ζ Ga = 2 · 9(q − 2) + 2 · 6(q − 2) + 2 · (2 · 7 + 4 + 6) = 30q − 12, 
Moreover, ζ C 7 = 2qδ 6 p and w 7 (C 7 ) = 14, where δ 6 p = 1 if p = 6 and 0 otherwise. Thus we have
We call H the chain of K 4 if H is the line graph of a tree obtained by appending two pendant vertices to each vertex of degree 2 of a path (see Figure  3 for an example) and we define the length of a chain of K 4 as the number of K 4 contained in it.
Let l 1 , l 2 , . . . , l r (r 2) be the maximal lengths of the chains of K 4 contained in l(G). Note that G ∈ U the graph l(G), we count the number of its subgraphs isomorphic to G a (resp.  G b , G c , G e , G g , C 3 , C 7 , G h ) as follows.
[2 · 9(l i − 2) + 2 · 6(l i − 2) + 2 · (2 · 7 + 4 + 6)] = 30q − 12r, where the last inequality follows by r 2. Thus comparing with (9) it yields λ∈SP A (l(G))
as desired.
Theorem 3.7. The graphŪ 2q p with even p > 2, 0 < q < p is determined by its Laplacian spectrum.
Proof. Let G be a graph L-cospectral withŪ 2q p for some fixed p, q, where p 4 is even and 0 < q < p. By Theorem 3.3, G is in U 
